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Abstract 

Normal toric varieties over a field or a discrete valuation ring are classified by rational 
polyhedral fans. We generalize this classification to normal toric varieties over an arbitrary 
valuation ring of rank one. The proof is based on a generalization of Sumihiro's theorem to 
this non-noetherian setting. These toric varieties play an important role for tropicalizations. 
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1 Introduction 

Toric varieties over a field have been studied since the 70's. Their geometry is completely 
determined by the convex geometry of rational polyhedral cones. This gives toric geometry an 
important role in algebraic geometry for testing conjectures. There are many good references 
for them, for instance Cox-Little-Schenk [B], Ewald [7], Fulton [S], Kempf-Knudsen-Mumford- 
Saint-Donat [15] and Oda [21]. Although in these books, toric varieties are defined over an 
algebraically closed field, the main results hold over any field. 

Motivated by compactification and degeneration problems, Mumford considered in |15i Chap- 
ter IV] normal toric varieties over discrete valuation rings. A similar motivation was behind 
Smirnov's paper |24j on projective toric varieties over discrete valuation rings. In the paper of 
Philippon-Burgos-Sombra [5], toric varieties over discrete valuation rings were considered for 
applications to an arithmetic version of the famous Bernstein-Kusnirenko-Khovanskii theorem 
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in toric geometry. The restriction to discrete valuation rings is mainly caused by the use of 
standard methods from algebraic geometry requiring noctherian schemes. 

At the beginning of the new century, tropical geometry emerged as a new branch of math- 
ematics (see [18] or [19]). We fix now a valued field (K,v) with value group T := v(K x ) C R. 
The Bieri-Groves theorem shows that the tropicalization of a closed ci-dimcnsional subvariety 
of a split torus T := (G^)k over K is a finite union of T-rational <i-dimensional polyhedra in 
1™. Moreover, this tropical variety is the support of a weighted polyhedral complex of pure 
dimension d such that the canonical tropical weights satisfy a balancing condition in every face 
of codimension 1. The study of the tropical weights leads naturally to toric schemes over the 
valuation ring K° of K (see [12] for details). 

A T-toric scheme *3f over K° is an integral separated flat scheme over K° containing T as a 
dense open subset such that the translation action of T on T extends to an algebraic action of 
the split torus T := (GJ^)k° on & ' . If a T-toric scheme is of finite type over K°, then we call 
it a T-toric variety. There is an affinc T-toric scheme Y a associated to any T-admissible cone a 
in R n x R_|_. This construction is similar as in the classical theory of toric varieties over a field, 
where every rational polyhedral cone in R" containing no lines gives rise to an affine T-toric 
variety. The additional factor R + takes the valuation v into account and T-admissible cones are 
cones containing no lines satisfying a certain rationality condition closely related to r-rationality 
in the Bieri-Groves theorem. If E is a fan in R n x R + of T-admissible cones, then we call E a 
T-admissible fan. By using a gluing process along common subfaces, we get an associated T-toric 
scheme $s over K° with the open affine covering ('fa)ae's- We refer to $3]for precise definitions. 
These normal T-toric schemes are studied in fT3] . Many of the properties of toric varieties 
over fields hold also for 

Rohrcr considered in [52] toric schemes Xn over an arbitrary base S associated to a rational 
fan II in R" containing no lines. If we restrict to the case S = Spec(X°), then Rohrer's toric 
schemes are a special case of the above T-toric schemes as we have Xn = %xi + - Note that 
the cones of II x R + are preimages of cones in R" with respect to the canonical projection 
R™ x R + — > R™ and hence the fans II x R + form a very special subset of the set of T- admissible 
fans in R n x R + . As a consequence, Rohrer's toric scheme Xn is always obtained by base change 
from a corresponding toric scheme over Spec(Z) while this is in general not true for W^,- The 
generic fibre of W-z is the toric variety over K associated to the fan formed by the recession 
cones of all <T G E, but the special fibre of has not to be a toric variety. In fact, the special 
fibre of is a union of toric varieties corresponding to the vertices of the polyhedral complex 
En(M" x {1}). On the other hand, every fibre of the toric scheme Xn is a toric variety associated 
to the same fan n. 

This leads to the natural question if every normal T-toric variety W over the valuation ring 
K° is isomorphic to for a suitable T- admissible fan E in R n x R + . This classification is 
possible in the classical theory of normal toric varieties over a field and also in the case of normal 
toric varieties over a discrete valuation ring. First, one shows that every affine normal T-toric 
variety over a field or a discrete valuation ring is of the form "f a for a rational cone a in R™ x R + 
containing no lines and then one uses Sumihiro's theorem which shows that every point in W has 
a T- invariant affine open neighbourhood (see [15]). Sumihiro proved his theorem over a field in 
|25j . In [T21 Chapter IV], the arguments were extended to the case of a discrete valuation ring. 
The proof of Sumihiro's theorem relies on noetherian techniques from algebraic geometry. 

Now we describe the structure and the results of the present paper. For the generalization 
of the above classification to normal T-toric varieties & over an arbitrary valuation ring K° of 
rank 1, one needs a theory of divisors on varieties over K°. This will be done in §2. First, we 
recall some basic facts about normal varieties over K° due to Knaf [T7]- Then we define the 
Weil divisor associated to a Cartier divisor D and more generally a proper intersection product 
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of D with cycles. This is based on the corresponding intersection theory of Cartier divisors on 
admissible formal schemes over K° given in [T3j- In §3, we recall the necessary facts for toric 
varieties over K° which were proved in [T2]. In §4, we show the following classification for afhnc 
normal toric varieties: 

Theorem 1. If v is not a discrete valuation, then the map a > Y„ defines a bijection between 
the set of those T-admissible cones a in MP x R + for which the vertices of a D (US™ x {1}) are 
contained in T n x {1} and the set of isomorphism classes of normal affine T '-toric varieties over 
the valuation ring K°. 

Similarly as in the classical case, the proof uses finitely generated semigroups in the character 
lattice of T and duality of convex polyhedral cones. The new ingredient here is an approximation 
argument ensuring r-admissiblity of the cone. The additional condition for the vertices of the 
T-admissible cone a is equivalent to the property that the affine T-toric scheme ~¥ a is of finite 
type over K° meaning that "¥„ is a T-toric variety over K° (see Proposition l3.3|) . If v is a discrete 
valuation, then "Y a is always a T-toric variety over K° and hence the condition on the vertices 
has to be omitted to get the bijective correspondence in Theorem [T] 

For the globalization of the classification, the main difficulty is the generalization of Sumihiro's 
theorem. The proof follows the same steps working in the case of fields or discrete valuation rings 
(see |15j . proof of Theorem 5 in Chapter I and §4.3). In §5, we show that for every non-empty 
affine open subset of a normal T-toric variety & over the valuation ring K° of rank one, 
the smallest open T-invariant subset °i/ containing has an effective Cartier divisor D with 
support equal to ^ \ ^o- This is rather tricky in the non-noetherian situation and it is precisely 
here, where we use the results on divisors from §2. 

In §6, we use the Cartier divisor D constructed in the previous section to show that ff{D) is an 
ample invertible sheaf with a T-lincarization. This leads to a T-equivariant immersion of into 
a projective space over K° on which T-acts linearly. It remains to prove Sumihiro's theorem for 
projective T-toric subvarietics of a projective space over K° on which T-acts linearly. This variant 
of Sumihiro's theorem will be proved in §7 and relies on properties of such non-necessarily normal 
projective T-toric varieties given in [121 §9]. We get the following generalization of Sumihiro's 
theorem: 

Theorem 2. Let v be a real valued valuation with valuation ring K° and let & be a normal 
T-toric variety over K° . Then every point of & has an affine open T-invariant neighborhood. 

As an immediate consequence, we will obtain our main classification result: 

Theorem 3. If v is not a discrete valuation, then the map £ i— y ^ defines a bijection between 
the set of fans in W x R + , whose cones are as in Theorem^ and the set of isomorphism classes 
of normal T-toric varieties over K° . 

If v is a discrete valuation, then we have to omit the additional condition on the vertices of 
the cones again to get a bijective correspondence in Theorem [3l 

Notation 

For sets, in A C B equality is not excluded and A\B denotes the complement of B in A. 
The set of non- negative numbers in Z, Q or R is denoted by Z + , Q+ or M + , respectively. All 
the rings and algebras are commutative with unity. For a ring A, the group of units is denoted 
by A x . A variety over a field k is an irreducible and reduced scheme which is separated and of 
finite type over k. See §S]for the definition of varieties over a valuation ring. 
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In the whole paper, we fix a valued field (AT, v) which means here that v is a valuation on 
the field A with value group T := v(K x ) C K. Note that A is not required to be algebraically 
closed or complete and that its valuation can be trivial. We have a valuation ring K° := {x <E 
K | v(x) > 0} with maximal ideal A°° := {x e A v(x) > 0} and residue field A := K°/K°°. 
We denote by A an algebraic closure of A. 

Let M be a free abelian group of rank n with dual N := Hom(M, Z). For u £ M and u> 6 N, 
the natural pairing is denoted by (u,uj) := uj(u) G Z. For an abelian group G, the base change 
is denoted by Mg := M ®z G, for instance Mr = M <8>z R. The split torus over K° of rank 
n with generic fiber T = Spcc(A[M]) is given by T = Spcc(A"° [M]), therefore M can be seen 
as the character lattice of T and N as the group of one parameter subgroups. For u e M, the 
corresponding character is denoted by \ u . 

2 Divisors on varieties over the valuation ring 

The goal of this section is to recall some facts about divisors on varieties over the valuation ring 
K° of the valued field (A, v) with value group T C K. The problem here is that K° has not to 
be noetherian and so we cannot use the usual constructions from algebraic geometry. Instead we 
will adapt the intersection theory with Cartier divisors on admissible formal schemes from |13j 
to our algebraic framework. This will be used in the proof of the generalization of Sumihiro's 
theorem given in 3SH7J 

2.1. A variety over K° is an integral scheme which is of finite type and separated over K° . By 
[T2l Lemma 4.2] such a variety W is flat over K°. We have Spec(A°) = {77, s}, where the generic 
point r] (resp. the special point s) is the zero- ideal (resp. the maximal ideal) in K° . We get the 
generic fibre ^ as a variety over K and the special fibre ^ as a separated scheme of finite type 
over K. The variety is called normal if all the local rings y are integrally closed. 

Proposition 2.2. A variety W over K° is a noetherian topological space. If d := dim(^) ; then 
every irreducible component of the special fibre has also dimension d. If ^ is non-empty and if 
v is non-trivial, then the topological dimension of 'W is d+ 1. If W s is empty or if v is trivial, 
then W = %. 

Proof. The set W over K° is the union of and W s . This proves the first claim. The second 
claim follows from flatness of & over K° . The other claims are now obvious. □ 

The following facts about normal varieties over a valuation ring follow from a paper by Knaf 

Proposition 2.3. Let W be a normal variety over K° . Then the following properties hold: 

(a) For y £ W , the local ring Ga/^y is a valuation ring if and only if y is either a dense point 
of a divisor of the generic fibre or y is a generic point of ^ or ^ . 

(b) If y is a dense point of a divisor of the generic fibre, then (?ay >v is a discrete valuation ring. 

(c) If y is a generic point of the special fibre then &<3f, v is the valuation ring of a real-valued 
valuation v y prolonging v such that T is of finite index in the value group of v y . 

(d) If ^ = Spec(A), then A = P) Gat/ _ y , where y ranges over all points from (b) and (c). 

Proof. Since ^ is a normal variety over the field K, it is regular in codimension 1 and hence 
(b) follows. The claims (a) and (c) follow from [17l Theorem 2.6]. It remains to prove (d). By 
P~7T Theorem 2.4], the integral domain A is integrally closed and coherent. It follows from jTTJ 
1.3] that A is a Priifer u-multiplication ring and hence (d) is a consequence of [TTJ 1.5]. □ 
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2.4. Let W be a variety over K° with generic fibre Y. A horizontal cycle Z on ^ is a cycle on F, 
i.e. Z is a Z-lincar combination of closed subvarieties W of Y. The support supp(Z) is the union 
of all closures W in & , where W ranges over all closed subvarieties with non-zero coefficients. 
Such W's are called prime components of the horizontal cycle Z. If the closure of every prime 
component of Z in W has dimension k (resp. codimension p), then we say that the horizontal 
cycle Z of *3f has dimension k (resp. codimension p). 

A vertical cycle V on & is a cycle on <3f s with real coefficients, i.e. V is an M-linear combination 
of closed subvarieties W of W s . The support and prime components are defined as usual. We say 
that the vertical cycle V of *3f has dimension k (resp. codimension p) if every prime component 
of V is a closed subvariety of W s of dimension k (resp. of codimension p in <3f). 

A cycle 2f on 3^ is a formal sum of a horizontal cycle Z and a vertical cycle V. The support 
of 5° is supp(jf°) := supp(Z) U supp(F). If the horizontal part Z and the vertical part V of 
2f both have dimension k (resp. codimension p), then we say that 2f has dimension k (resp. 
codimension p). We say that a cycle is effective if the multiplicities in all its prime components 
are positive. 

2.5. If ip : W — > & is a flat morphism of varieties over K°, then we define the pull-back ip*(2?) 
of a cycle 2f on ^ by using flat pull-back of the horizontal and vertical parts. The resulting 
cycle (p*(2f) of W keeps the same codimension as 2? . Similarly, we define the push-forward of 
a cycle with respect to a proper morphism of varieties over K ° . This preserves the dimension of 
the cycles. 

2.6. Wc recall that the support supp(D) of a Cartier divisor D on is the complement of the 
set of all points y € W where D is given by an invertible element of &<3r, y . Clearly, supp(D) is a 
closed subset of & . We say that the Cartier divisor D intersects the cycle 2f of & properly, if 
for every prime component W of 2f, we have 

codim(supp(L>) nf,f)> codim(PF, W) + 1. 

2.7. We are going to define the associated Weil divisor cyc(D) of a Cartier divisor D on the 
variety *3f over K° . The horizontal part of cyc(D) is the Weil divisor corresponding to the Cartier 
divisor D\y on the generic fibre Y of *3f . Thus we just need to construct the vertical part of 
cyc(-D). This will be done by using the corresponding construction for admissible formal schemes 
over the completion of K° given in |13) . This is technically rather demanding and wc will freely 
use the terminology and the results from |13j . The reader might skip the details below in a first 
read trusting that the algebraic intersection theory with Cartier divisors works in the usual way. 
In fact, we are dealing mostly with normal varieties over K° in this paper and then one can use 
Proposition 12 . 1 1 1 to define the multiplicities ord(Z), V) of cyc(D) in an irreducible component V 
of ^ s without bothering about admissible formal schemes. 

To define the vertical part of cyc(-D), we may assume that v is non-trivial. Since the special 
fibre remains the same by base change to the completion of K° , we may also assume that v is 
complete. Let be the formal completion of *3f along the special fibre (see §6])- This is 
an admissible formal scheme over K° with special fibre equal to W s . We will denote its generic 
fibre by Y° which is an analytic subdomain of the analytification F an of Y. Note that Y° may 
be seen as the set of potentially integral points (see [12j 4.9-4.13] for more details). Wc have a 
morphism W — > & of locally ringed space and using pull-back, we see that the Cartier divisor 
D induces a Cartier divisor D on W . By [T31 Definition 3.10], we have a Weil divisor cyc(D) 
on & . It follows from [T31 Proposition 6.2] that the analytification of the Weil divisor cyc(_D|y) 
restricts to the horizontal part of cyc(-D). We define the vertical part of cyc(D) as the vertical 
part of cyc(.D). 
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The multiplicity of cyc(D) in an irreducible component V of W s is denoted by ord(D,V). 
Since ord(-D, V) is linear in D, the map D i— > cyc(D) is a homomorphism from the group of 
Cartier divisors to the group of cycles of codimension 1. It follows from the definitions that 
cyc(£>) is an effective cycle if D is an effective Cartier divisor. For convenience of the reader, we 
recall the definition of ord(£>, V) in more details to make these statements obvious. 

2.8. First, we assume that K is algebraically closed and that v is complete. We repeat that 
we (may) assume v non-trivial. To define ord(D, V), we may restrict our attention to an affinc 
neighbourhood of the generic point £v of V where D is given by a single rational function /. 
Hence we may assume & — Spec(^4) and D = div(/). Then <3f is the formal affine spectrum of 
the f-adic completion A of A for any non-zero element v in the maximal ideal of K° . We note 
that &f := A ®k° K is a A'-affinoid algebra and we have that Y° is the Bcrkovich spectrum 

of £?. Since Y° is an analytic subdomain of F an , we conclude that Y° is reduced (see 
PQ Proposition 3.4.3]). Let srf° be the if°-subalgebra of power bounded elements in si '. Then 
W" := Spt(g/°) is an admissible formal affine scheme over K° with reduced special fibre and 
we have a canonical morphism $f" — > <3t '. The restriction of this morphism to the special fibres 
is finite and surjective (see [T2J 4.13] for the argument). In particular, there is a generic point 
y" of over Cy- It follows from [TJ Proposition 2.4.4] that there is a unique £" in the generic 
fibre Y° of W" with reduction y" . Recall that the elements of Y° are bounded multiplicative 
seminorms on s/ . Since y" is a generic point of the special fibre of W" = Spf (■s^°), the seminorm 
corresponding to £" is in fact an absolute value with valuation ring equal to 0<3f" (follows 
from [3J Proposition 6.2.3/5]) and we use it to define 

ord(D, V) := - ]T[W) : K(V)\ log |/(^')|, (1) 
y" 

where y" is ranging over all generic points of mapping to the generic point Cv of V. 

2.9. If K is not algebraically closed, then we perform base change to Ck- The latter is the 
completion of the algebraic closure of the completion of K. This is the smallest algebraically 
closed complete field extending the valued field (K, v), and the residue field Ck is the algebraic 
closure of K §3.4.1]. Again, we may assume W = Spec(A) and D = div(/) for a rational 

function / on . Let W be the base change of *3f to the valuation ring C K of Ck ■ Let {*3f!)j=i r 

be the irreducible components of W . Our goal is to define ord(Z?, V) in the irreducible component 
V of The definition will be determined by the two guidelines that cyc(-D) should be invariant 
under base change to C° K and that this base change should be linear in the irreducible components 

. Since we do not assume that a variety is geometrically reduced, the multiplicity m{Yj, Y') of 
the generic fibre of in the generic fibre Y' of W has to be considered. Note also that the 

absolute Galois group Gal(Cx / K) acts transitively on the irreducible components of the base 
change and hence the multiplicity m(V, Vg R _) is independent of the choice of an irreducible 
component V of Vg . 

We choose an irreducible component V of Vg^ . It is also an irreducible component of 
and hence there is an irreducible component containing the generic point (y< of V . For 
&j = Spcc(A'j), we proceed as in 12.81 We get an admissible formal scheme = Spf ((^")°) 
over C^- with reduced generic fibre (Y-)° = and reduced special fibre (^")s with a 

surjective finite map onto (&j) s - Hence there is at least one generic point y" of (^")s mapping 
to Cv- Again, there is a unique point £ (Yj)° with reduction y'J. Then extends to an 
absolute value with valuation ring ffa^:\ y " and (JlJ leads to the definition 

ord(AF) : = - m(v } v „ \ E TO ( F /' r 0E^(<) : C K (V')]logm'!)\, (2) 
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where YJ ranges over the irreducible components of Y' and y'J ranges over the generic points of 

(3(j")s lying over the generic point C,y of V . Using the action of Gal(C/f//\), we sec that the 
definition is independent of the choice of the irreducible component V of V^ K ■ It follows from 
compatibility of base change and passing to the formal completion along the special fibre that 
J2v or d(-D, V)V is indeed the vertical part of cyc(D) as defined in 12.71 

The Weil divisor associated to a Cartier divisor has all the expected properties. The proofs 
follow from the corresponding properties in [T3] or [T3] . This is illustrated in the proof of the 
following projection formula: 

Proposition 2.10. Let tp : W — > W he a proper morphism of varieties over K° and let D be a 

Cartier divisor on *3f such that supp(£>) does not contain <~p(W'}. As usual, we define [W : <3/\ 
to be the degree of the extension of the fields of rational functions if this degree is finite and 
otherwise. Then we have 

Mcycfo>*(D))) = W ■ r]cyc(£>). 

Proof. The projection formula holds in the generic fibre [U Proposition 2.3]. We have an induced 
proper morphism ip : <3f' — > & of admissible formal schemes over the completion of K° and hence 
the projection formula follows for vertical parts from [T31 Propositions 4.5, 6.3]. □ 

Proposition 2.11. Assume that v is non-trivial, let & be a normal variety over K° and let 
V be an irreducible component of ^ . If the Cartier divisor D on & is given by the rational 
function f in a neighbourhood of the generic point y = £y of V , then G?y <y is a valuation ring 
for a unique real-valued valuation v y extending v and we have ord(D, V) = %(/). 

Proof. We may assume that *3f = Spcc(A) and D — div(/) for a rational function / on 9 . 
The first claim follows from Proposition 12.31 In the following, we use the notation and the 
results from 12.91 We have a generic point y'J of the special fibre of the admissible formal scheme 
WJ' := Spf((^")°) lying over y. We have seen in !2.9l that the unique point £" of the generic fibre 
of *3f" mapping to y'J extends to an absolute value with valuation ring 0ay>>. y ". We conclude that 
the valuation ring dominates the valuation ring 0<s/ _ y . Since valuation rings are maximal 

with respect to dominance of local rings in a given field, we conclude that — log |/(£")| = v y (f) 
and hence ([2]) simplifies to 

ord(D,v) := ^m(y;,y')E[ £ *(<) : c*(y% ( 3 ) 

where Y- ranges over the irreducible components of Y' and y'J ranges over the generic points of 
(^•")s lying over the generic point (y' of V . The canonical map —t WJ is a proper morphism 
of admissible formal schemes over C° K . Applying the projection formula from ]T3] to the divisior 
div(V) for any non-zero v in the maximal ideal of K° , we get 

m(V',(^J) s )=J2[CK(yJ):C K (V% 

y" 

where y'J ranges over the generic points of (^J') s lying over the generic point Cy' of V . Using 
this in @, we get 

° rd(AF) = m(V',V SK ) E^'^W 

where WJ ranges over the irreducible components of W . By [121 Lemma 13.5], the sum is equal 
to m(V, Vg ) proving the claim. □ 
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Corollary 2.12. The following properties hold for a Cartier divisor D on a normal variety & 
over K° . 

(a) supp(L>) = supp(cyc(D)). 

(b) The Cartier divisor D is effective if and only if cyc(-D) is an effective cycle. 

(c) The map D \— > cyc(D) is an injective homomorphism from the group of Cartier divisors on 

to the group of cycles of codimension 1 on ^. 

Proof. It follows easily from the definitions that supp(cyc(£>)) C supp(Z?) and that the Weil 
divisor associated to an effective Cartier divisor is an effective cycle without assuming normality. 
If v is trivial, the claims are classical results for divisors on normal varieties over K and so we 
may assume that v is non-trivial. Then (b) follows from Propositions 12.111 and 12.31 To prove 
(a), the above shows that by passing to the open subset & \ supp(cyc(D)), we may assume that 
cyc(D) = and hence (a) follows from (b). Similarly, (c) is a consequence of (b). □ 

2.13. The construction of the Weil divisor associated to a Cartier divisor allows us to define a 
proper intersection product of a Cartier divisor with a cycle. Indeed, let D be a Cartier divisor 
intersecting the cycle 3? on <3/ properly. Then we define the proper intersection product D.2f as 
a cycle on in the following way: By linearity, we may assume that 2f is a prime cycle W . If 
W is vertical, then D restricts to a Cartier divisor on W and we define D.W := cyc(D|w) using 
algebraic intersection theory on the variety W . If W is horizontal, then D restricts to a Cartier 
divisor on the closure of W in W and we define D.W as the associated Weil divisor. Obviously, 
this proper intersection product is bilinear. 

Proposition 2.14. Let D and E be properly intersecting Cartier divisors on W which means 
codim(supp(£>) D supp(-E), &) > 2. Then we have D.cyc(E) = E.cyc(D). 

Proof. For the horizontal parts, this follows from algebraic intersection theory and for the vertical 
parts, this follows from [T31 Theorem 5.9]. □ 

Proposition 2.15. Let Lp : W — > W be a flat morphism of varieties over K° and let D be a 

Cartier divisor on W . Then we have (p*(cyc(D)) = cyc((p*(D)). 

Proof. Since <p is flat, the pull-back of D is well-defined as a Cartier divisor and the claim follows 
from [HI Proposition 4.4(d)]. □ 

2.16. We say that two cycles and ^2 of codimension 1 on the variety over K° are rationally 
equivalent if there is a non-zero rational function / on such that &\ — £^2 = c yc(div(/)). The 
first Chow group CH 1 ^) of & is defined as the group of cycles of codimension 1 modulo rational 
equivalence. It follows from Proposition 12.151 that rational equivalence is compatible with flat 
pull-back. 

Two Cartier divisors D\ and D2 on W are said to be linearly equivalent if there is a non-zero 
rational function / on W such that D\ — D2 = div(/). The group of Cartier divisors modulo 
linear equivalence is isomorphic to Pic(^) using the map D >-> 0(D). 

We may use rational equivalence to define a refined intersection theory with pseudo divisors 
on a variety & over K° with the same properties as in [SJ Chapter 2] . The proofs follow directly 
from [T3] and [TH §4]. This will not be used in the sequel and so we leave the details to the 
interested reader. 
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3 Toric schemes over valuation rings 



In this section, (K, v) is a valued field with valuation ring K° , residue field K and value group 
r := v(K x ) C R. As usual, T = Spcc(i\°[M]) is the split torus of rank n with generic fibre T 
and N is the dual of the free abelian group M. We review basic properties of T-toric schemes 
over K° which are needed in the sequel. For more details, we refer to [T2] . 

Definition 3.1. A T-toric scheme over the valuation ring K° is an integral separated flat 
scheme <3/ over K° such that the generic fiber 3^ contains T as an open subset and such that 
the translation action T Xjf T —> T extends to an algebraic action T Xk° <3f — > <W over K° . 

A homomorphism (resp. isomorphism) of T-toric schemes is an equivariant morphism (resp. 
isomorphism) which restricts to the identity on T. A T-toric scheme of finite type over K° is 
called a T-toric variety. 

Note that if W is a T-toric variety over K°, then W n is a T-toric variety over K. In order to 
construct examples of T-toric schemes and to see how they can be described by the combinatorics 
of some objects in convex geometry, we need to introduce and to study the following algebras 
associated to T-admissible cones. 

3.2. A cone a C Ar x R + is called T-admissible if it can be written as 



and Y a := Spec (if [M]" 7 ). It is easy to see that if [M]" 7 is an Ai-graded if °-algebra and hence we 
have a canonical T-action on "V^. 

Proposition 3.3. Let a be a Y '-admissible cone in Ar xR + . Then V a is a normal T-toric scheme 
over K° . If v is a discrete valuation, then % is always a T-toric variety. If v is not a discrete 
valuation, then Y a is a T-toric variety over K° if and only if the vertices of a H (Ar x {1}) are 
contained in Nr x {1}. 

Proof. This follows from [TH Propositions 6.7, 6.9, 6.10]. □ 

3.4. A T-admissible fan E in Ar x M + is a fan consisting of T-admissible cones. Given a In- 
admissible fan E, we glue the normal affine T-toric schemes a € E, along the open subschcmes 
coming from their common faces. The result is a normal T-toric scheme Similarly as in the 
classical case of toric varieties over a field, the properties of the T-toric schemes l 3fc may be 
described by the combinatorics of the cones E. For details, we refer to (T2] . 

Now we review the construction of projective T-toric schemes which are not necessarily normal 
(see O §9 ] for more details). These are not all the possible projective toric schemes over K° but 
just those which have a linear action of the torus, see [HI Proposition 9.8]. For the corresponding 
projective toric varieties over a field, we refer to Cox-Little-Schenk [BJ §2.1, §3. A] and Gelfand- 
Kapranov-Zelevinsky [TDJ Chapter 5]. 



k 




and does not contain a line. For such a cone a, we define 



K[MY := { &uX u G K[M] | cv(a u ) + (u,lu) > V(w, c) £ a} 



ueM 
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3.5. Given R £ Z+, we choose projective coordinates on the projective space P^ D .. Let A = 
(ito, . . . , w_r) £ M R+1 and y = (y : ■ ■ ■ : yp) £ P R (K). The height function of y is defined as 

a : {0, R} -> T U {oo}, j h+ a (j) := w(Wj)- 

The action of T on P^ Q is given by 

We define the projective toric variety &A,a to be the closure of the orbit Ty. The generic fiber 
Ya.o is a toric variety respect to the torus T/Stab(y). It follows from [T^l 9.2] that is a 

T-toric variety over K° with respect to the split torus over K° with generic fiber T/Stab(y). 

The weight polytope Wt(y) is defined as the convex hull of A(y) := {uj \ a(J) < oo}. The 
weight subdivision Wt(y, a) is the polytopal complex with support Wt(y) obtained by projecting 
the faces of the convex hull of {(%, \j) £ Mr x K + | j = 0, . . . , R; Xj > a(j)}. We will see in the 
next result that the orbits of &A,a can be read off from the weight subdivision. 

Proposition 3.6. There is a bijective order preserving correspondence between faces Q of the 
weight subdivision Wt(y,a) and T-orbits Z of the special fiber of %. a given by 

Z = {x £ (95u) a | Xj^0& Uj £ A(y) n Q}. 
Proof. See [H Proposition 9.12]. □ 

4 The cone of a normal affine toric variety 

We recall that (K,v) is a valued field with valuation ring K°, residue field K and value group 
rcl. Let T = Spec(K°[M]) be the split torus over K° with generic fiber T. The free abelian 
group M of rank n is isomorphic to the character group of T. For an element u £ M, the 
corresponding character is denoted by \ u - Let N = Hom(Af , Z) be the dual abelian group of M. 

As we have seen in the previous section, a F-admissible cone a in x R + induces a normal 
affine T-toric scheme "V a = Spec (K [M] a ). This is a T-toric variety if and only if the vertices 
of a (~1 (TVr x {1}) are contained in Nr X {1} or if v is discrete. In this section, we will show 
that every normal affine T-toric variety W = Spec(A) has this form proving Theorem [TJ We 
may assume that the valuation is non-trivial as in the classical case of normal toric varieties 
over a field, the statement is well known (see jT5J ch. I, Theorem 1]). The T-action induces an 
M-grading A = © meM A m on the _ftT°-algcbra A. Since T is an open dense orbit of 9 ', we may 
and will assume that A is a subalgebra of the quotient field K(M) of K[M]. 

Lemma 4.1. The set S := {(m,v(a)) E M X T | ax" 1 £ A\{0}} is a saturated semigroup in 

M x r. 

Proof. Obviously, the set S is a semigroup. Let k(m, v(a)) £ 5 for to £ M, a £ K \ {0} and 
k £ Z + \ {0}, i.e. (ax m ) k £ A. By normality of A, we get ax m £ A and hence (m, v(a)) £ S. □ 

Lemma 4.2. There are M -homogeneous generators a\x mi , • ■ • , akx" lk of A. Moreover, the 
semigroup S from Lemma \4-l\ and the set {(0, 1), (m,, v(ai)) \ i = 1, . . ., k} generate the same 
cone in Mr x K. 
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Proof. Since Hf is a variety over K°, it is clear that A is a finitely generated A°-algcbra. Using 
that A is an M-graded algebra, we find generators aix™ 1 , ■ • ■ , akX mk 01 A- Obviously, every 
(mj,u(aj)) is contained in the cone generated by S which we denote by conc(S'). Since the 
valuation v is non-trivial, it is clear that (0, 1) £ cone(S). 

It remains to show that the cone generated by S is contained in the cone generated by 
{(0, 1), (m„ v(a,i)) | i = 1, . . . , fc}. An element of cone(S') is a finite sum J2j a j( u j> v (bj)) with 
ctj £ R + and (uj 7 v(bj)) £ S. Since (uj,v(bj)) £ S, we have 6jX" J £ ^- Using the above 
generators, we get 

b jX tt > = A (J) (a lX mi ) 1 ^ ■ ■ ■ (a kX m ^ } for A» £ K° \ {0}, . . . , G Z+. 
This implies 

k 
i=l 

fc 
i=l 

We conclude that the element ^ atj(v,j,v(bj)) of cone(S') is equal to 

(fc fc \ 

J2 iPrmXW) + E #V«<) = E KA (j) )) + E E «i#W «(<*,)) 
i=l i=l / j j i 

= (0, A) + A, (mi, v(ai)) 

i 

with A := Y) . ajv(X^) £ R+ and X t := £\ G R+. This proves the lemma. □ 

Lemma 4.3. ITie set cr := {(us, s) £ Nth x R | (w, w) + ts > V(u, f) G 5} is a T- admissible cone 
in iV~R x R + . 

Proof. By definition, cr is the dual cone of the cone generated by S. From Lemma 14.21 we have 

fc 

cr = P| {(uj,s) £ N m xR + \ ( mi ,uj) + sv( ai ) > 0} . 
i=l 

It remains to show that cr doesn't contain a line. Suppose cr contains a line. Then we have 
R • (ui, t) C cr for some (w, t) G iVjg x R + . Since a C Ar x R + , we must have t = 0. Therefore the 
line is of the form R ■ (u>, 0) C A% x {0}. For any a X u £ A\ {0}, we have (u, v(a)) £ S and hence 

< {(u, v(a)), {Xuj, 0)) = X(u, uj) VA £ R. 

This proves u £ uj 1 - . Choosing a basis {u±, . . . , u n } for M such that m, . . . , G we get 
A C A'[x ±Ul , . . . ,x ±li ™ -1 ]. On the other hand, & is a T-toric variety and hence the quotient 
field of A is K( X ±U1 X ±u ")- This is a contradiction and hence cr doesn't contain any line. 
We conclude that a is T-admissible. □ 

Proposition 4.4. Let & = Spec(A) be an affine normal T-toric variety over K° . Then *3f = % 
for the r '-admissible cone a defined in Lemma \4J^ 
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Proof. We have to show K[M] a = A. Take any a\ m G A \ {0}. Since (m,v(a)) G S, we get 
(m,w) + t- v(a) > for all (w,t) G a and hence ax" 1 G A"[A/] <T . This proves A C A'fAf]' 7 . 

To prove the reverse inclusion, we take a\ m G K[M] a \ {0}. By dchnition, (m, v(a)) is in the 
dual cone a of er. Using biduality of convex polyhedral cones (see §1-2]), we conclude that 
(m,v(a)) is contained in the cone in Mh x R generated by S. By Lemma l4~2l we get 

fe 

(m, u(a)) = re(0, 1) + Ai(TOt,u(oi)), k, A l G R+. 

From this, we deduce the following equivalent system of equations 

m = X, AjTOj (4) 

j 

«(a) = K + ^A J w(a i ). (5) 

Now we show that it is always possible to choose all Aj G Q+. We may assume that A, > for 
all i, otherwise we omit these coefficients. Let b±, . . . , b s be a basis in Q k for the solutions of the 
homogeneous equation associated to (01 and let p, G Q k be a particular solution for Qj. We will 
use the coordinates (b^\ ■ ■ ., 6^) for the vector bj of the basis. The space of solutions L is given 

by 

s 

L = {^ + X^A' \Pj GR,j = l,...,s}. 
Since A := (Aj) G R+ is a solution of there exist pj G R (j = 1, . . . , s) such that 

A = M + PA • 

Now choose /3j G Q close to pj, i.e. 



with \ej\ small. Then 



Pi = Pj + € j 
A = P + ^Pjbj 



j 

is also a solution of ([!]) in Q k which is close to A. In particular, we may choose |ej| so small that 
all Aj > 0. Explicitly we have 





Inserting this in ([5]), we get 

v(a) = k + £ f + I] '/''."j 

= « + ^A^(a,) + E lE e ^f )«(«*)• 

* » \ i 
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With a := £). (E j ^f) v(oi) = E 3 tj E« bfv(oi), we get 



v(a) = k + a + \iv(a,i). 



It is easy to see that we may choose ei, . . . , e s in a small neighbourhood of such that n + a > 0. 
We conclude that it is possible to choose the coefficients in (0| rational and we have 



The above shows that (m,v(a)) = (0, k) + Yli^i(. m i> v ( a i)) with Xi 6 Q + and k <S R+. Let 
i? be a positive integer such that i?A^ G Z + for i = 1, . . . k. Then we get 



This proves in particular that Rn £ T. Since (0, Rk), (mi, v(a,i)) G S (i = 1, . . . , k) and RXi £ Z+, 
we conclude that (Rm,Rv(a)) is also in the semigroup S. It follows that (ax m ) R € A. By 
normality of A, this implies that ax m € A. We conclude that if[M]' T = A and hence <3f = "¥ a . □ 

Proof of Theorem QJ We assume that i> is not a discrete valuation. We have seen in Propositions 
14.41 and l3.3l that the map crU'fj from the set of those T-admissiblc cones in iVm x R + for which 
the vertices of crfl (JVjr x {1}) are contained in iVr x {1} to the set of isomorphism classes of affinc 
normal T-toric varieties over K° is surjective. By [T^J Proposition 6.24], we can reconstruct the 
cone a from the T-toric scheme "Y a by applying the tropicalization map to the set of integral 
points of T{YV a and hence the correspondence is indeed bijective. If v is a discrete valuation, then 
the same argument works if we omit the additional condition on the vertices of the cones. □ 

5 Construction of the Cartier divisor 

Let (K, v) be a valued field with valuation ring K° , value group T = v(K x ) C R and residue field 
K. Let T be the split torus of rank n over K °. In this section, we consider a non-empty affinc 
open subset in a normal T-toric variety 9 over K° . We will see that the smallest T-invariant 
open subset *% of 9 containing nas an effective Cartier divisor D with support equal to 
% \ This will be important in the proof of Sumihiro's theorem given in the subsequent 
sections. 

Proposition 5.1. Let %j be a non-empty affine open subset of a normal variety <3/ over K° . 
Then every irreducible component of W\ has codimension 1 in . 

Proof. By removing the irreducible components of of codimension 1, we may assume that 

has no irreducible components of codimension 1. Then we have to prove = W . We may 
assume that W is an affine variety Spcc(^4). Using Proposition 12.3( d). we get 6{tyt§) = 
and hence the affine varieties an d & are equal. □ 

In the following result, we will use the notions introduced in Section [5] 

Proposition 5.2. Let pi be the canonical projection off Xk° & onto the variety over K° 
and let Si be a cycle of codimension 1 in T xp <3f . Then there is a cycle & on *3/ of codimension 
1 such that p\{2l'} is rationally equivalent to *2) . 



k 



(to, v(a)) = (k+ a)(0, 1) + ^ A, (m,, u(a,)), k + a £ R+, Xi £ Q+. 



(6) 



i=i 
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Proof. We note that irreducible components of (T Xj-» f 3^) s are given by T s x^V with V ranging 
over the irreducible components of We conclude that every vertical cycle of codimcnsion 1 
in T x^o f is the pull-back of a vertical cycle of codimcnsion 1 in & '. This reduces the claim 
to the horizontal parts where it is a standard fact from algebraic intersection theory on varieties 
over a field Proposition 1.9]. □ 

5.3. Let T° be the affinoid torus in T given by {x £ T | |xi(x)| = • • • = |a; n (a:)| = 1} in terms of 
torus coordinates x\, . . . , x n and let be a variety over K° with generic fibre Y. For t £ T°(K), 
the reduction t £ T s (A') is well-defined. Let it : & — > T Xk° & be the embedding over W 
induced by the integral point of T corresponding to t. We are going to define the pull-back 
it (3?) for every cycle JonTx^of which satisfies the following flatness condition: We assume 
that every component of the horizontal (resp. vertical) part of 3f is flat over T (rcsp. T s ). 

Since it induces a regular embedding of Y into T Xk Y (rcsp. of ^ into T s Xg&s), the 
pull-back of the horizontal part (rcsp. vertical part) of 2? is a well-defined cycle on Y (resp. W^) 
(see [HI Chapter 6]). We define il{3f) as the sum of these two pull-backs. Clearly, this pull-back 
keeps the codimcnsion and is linear in 3f . 

5.4. For t £ T°{K) with coordinates t\ := Xi(t), ... ,t n := x n (t), let D tj be the Cartier divisor 
on T Xj{o W given by pull-back of div(xj — tj) with respect to the canonical projection onto 
T = (G^k ■ Let 3f be a cycle on T Xj;o f satisfying the flatness condition from 15.31 Then we 
may use the proper intersection product with Cartier divisors from 12.131 to get 

(i t )*(it(3f)) = D tl . ..D tn .2f. 

Indeed, the flatness condition ensures that the right hand side is a proper intersection product 
and hence the claim follows from [21 Example 6.5.1]. By Proposition ^. 141 the proper intersection 
product on the right is symmetric with respect to the Cartier divisors. 

Let *2f , W be a varieties over K° and let ip : T x K ° -> T x K ° W be a flat morphism 
over T. The point t £ T°(K) corresponds to an integral point of T inducing a flat morphism 
ipt ■ & — > & r> by base change from (p. We recall from 12.51 that we have also introduced the 
pull-back with respect to fiat morphisms. The following result shows some functoriality with the 
above pull-backs. We will use the canonical projection p2 : T f ' -> W . 

Proposition 5.5. Under the hypothesis above, let 2f' be a cycle ofW. Then the cycle tptip^i-^')) 
satisfies the flatness condition from [573\ and we have i\ ((p* (p^i^f'))) = ift(2f'). 

Proof. Obviously, the cycle p%(3f) satisfies the flatness condition. Using that ip is a flat morphism 
over T, we deduce that ^j(p|(^')) also fulfills the flatness condition . Since the pull-backs are 
defined for horizontal and vertical parts in terms of the corresponding operations for varieties 
over fields, the claim follows from [51 Proposition 6.5]. □ 

Lemma 5.6. Let ^ be a variety over K° and let t £ T°(K). Suppose that g is a rational function 
onTx^o^ such that every irreducible component of the restriction ofdiv(g) to the generic fibre 
is flat over T. Theng(t,-) is a rational function on W and we have i* t (cyc(div(g))) = cyc(g(t, •)). 

Proof. The flatness assumption yields the first claim immediately. Note that the vertical com- 
ponents of cyc(div(g)) are automatically flat over T s and hence we get a well-defined cycle 
i* t (eye (div (</))) on <3f . The second claim follows easily from the fact that we may write i* t as an 
n-fold proper intersection product with Cartier divisors fscc l5.4j) and from Proposition 12 .141 □ 

Proposition 5.7. Let W be a variety over K° . Then pull-back with respect to the canonical 
projection pi : T Xk° & — > *3f induces an isomorphism p^ : CH 1 ^) — > CH l (T Xk° 
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Proof. By 12.161 p^ i s compatible with rational equivalence and hence it is well-defined on the 
Chow groups. Surjcctivity follows from Proposition ^. 21 Suppose that S is a cycle of codimension 
1 on ^ such that p\{Si) is rationally equivalent toOonTx^-o <3( . Using Lemma [5~B1 for the unit 
element e in T°(K), we deduce that S is rationally equivalent to 0. This proves injectivity. □ 

We have a similar statement for Picard group as pointed out by Qing Liu and C. Pepin. 

Proposition 5.8. Let & be a normal variety over K° . Then pull-back with respect to p2 induces 
an isomorphism Pic(^) — > Pic(T Xk° 

Proof. See [H Remark 9.6]. □ 

Now let be a normal T-toric variety over K° and let & be a cycle of codimension 1 in W . 
Note that t € T° (K) acts on & and we denote by ffi the pull-back of S with respect to this flat 
morphism. 

Proposition 5.9. Under the hypothesis above, & is rationally equivalent to S . 

Proof. Let a : T Xk° <3/ — s> be the torus action on W . It follows from Propositions 15.21 that 
a*(3>) is rationally equivalent to p^S') for a cycle & of codimension 1 in W . Then Lemma [5~^1 
and Proposition 15.51 applied for the unit element e, show that S is rationally equivalent to . 
Bv l2.161 we conclude that a*{&) is rationally equivalent to p%{&). If we apply Proposition 15.51 
again, but now in t instead of e, we get the claim. □ 

Lemma 5.10. Let a non-empty open subset of the T-toric variety & over K° and let 

% := UteT°(if) Then °U is the smallest T-invariant (open) subset containing 

Proof. Consider the subset S of T such that translation with its elements leaves invariant. 
The subset 5flT s is equal to the stabilizer of ty s \ ^ and hence it is an algebraic subgroup of 
T s . By construction, it contains T S (K) and hence it is equal to T s . We use the same argument 
for the points of S contained in the generic fibre T = T V . Again, S H T is an algebraic subgroup 
containing T°(K). Since T° is an n-dimensional afhnoid torus, we conclude that T°(K) is Zariski 
dense in T and hence the algebraic subgroup is the torus T over K. We conclude that is 
T-invariant. This proves the claim immediately. □ 

5.11. Since the torus T s acts continuously on the discrete set of the generic points of every 
such generic point is fixed under the action. We conclude that every irreducible component of 
W s is invariant under the T-action. This means that the special fibres of % and have the 
same generic points. We have seen in Proposition 15.11 that ^ \ is a union of irreducible 
components of codimension 1 and hence every such irreducible component is horizontal. Let S 
be the horizontal cycle on ^ given by the formal sum of these irreducible components. 

Proposition 5.12. Under the hypothesis above, there is a unique Cartier divisor D on tf/ such 
that S> = cyc(-D). Moreover, this Cartier divisor is effective. 

Proof. For t G T° (K) , Proposition 15.91 yields a non-zero rational function f t on & such that 
S — Q} 1 — cyc(div(/ t )). Since \ t~ le fr is equal to the support of we deduce that the 
restriction of S to t~ le %Q is the Weil divisor given by the rational function f t on t~ la i/^. By 
Corollary 12.121 the Cartier divisor on a normal variety is uniquely determined by its associated 
Weil divisor. This yields immediately that {(t~ lc %o, ft) I t <E T°(K)} is a Cartier divisor on 
with associated Weil divisor S and uniqueness follows as well. By Corollary 12.121 the Cartier 
divisor D is effective. □ 
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Proposition 5.13. Let d : T Xk» ^ — > & be the torus action of the normal T-toric variety 
over K° and let D be the Cartier divisor from Proposition \5.12\ Then a* (D) is linearly 
equivalent to p^D). 

Proof. The unit element e in T°(K) induces the section i e of a and p2- Then the claim follows 
from Proposition 15.81 Another way to deduce the claim is to use the corresponding statement 
for cycles of codimension 1 (see Proposition 15 ,7|) together with Corollary 12. 121 □ 

Corollary 5.14. Let D be the Cartier divisor from Provosition \5.lS\ and let D be its pull-back 
with respect to translation by t £ T°(K). Then the invertible sheaves ff(D l ) and ff(D) on 
are isomorphic. Moreover, 0(D) is generated by global sections. 

Proof. The first claim follows from Proposition 15 . 1 31 by applying i\. By Proposition 15.121 sjjt is 
a global section with support \t~ le %Q and hence the second claim follows from the first. □ 

6 Linearization and immersion into projective space 

Let T be the split torus of rank n over K° and let & be a normal T-toric variety over K° . We 
denote by fi : T Xk° T — > T the multiplication map, by a : T & — > & the group action and 
by Pi ■ T x k ° — > & the second projection. As in the previous section, we consider a non-empty 
affine open subset of & and the smallest T-invariant open subset ^ of W containing In 
Proposition l5.12[ we have constructed an effective Cartier divisor D on with supp(Z?) = °M 
such that cyc(D) is a horizontal cycle with all multiplicities equal to 1. In this section, we will 
see that 0(D) has a T-linearization and is ample leading to a T-equivariant immersion into a 
projective space. 

Definition 6.1. First, we recall the definition of a T-linearization of a line bundle L on a toric 
variety (see [5D] for details). Geometrically, a T-linearization is a lift of the torus action on W 
to an action on L such that the zero section is T-invariant. In terms of the underlying invertible 
sheaf Jz? , a T-linearization is an isomorphism 

of sheaves on T x k° satisfying the cocycle condition 

p* 2Z (j> ° ( id T x a)*cj) = (fj, x id^)*0, (7) 

where P23 : T x^o T Xjf» ^ — > T Xk° is the projection to the last two factors. 

We need the following appliciation of a result of Rosenlicht. 

Lemma 6.2. For every f £ 0(T Xk° ^) x , there is a character x onT and a g £ 0(<&) x such 
that f = X-9- 

Proof. Note that 0(T) X is the set of characters on T multiplied by units in K° . Then the claim 
follows from [531 Theorem 2]. □ 

Proposition 6.3. The invertible sheaf 0(D) has a T-linearization. 
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Proof. By Proposition 15 . 13l we have an isomorphism 



: a*^£ -> p* 2 ^ 

for the invertible sheaf Jz? := 0(D). Both sides of (Q are isomorphisms between the same 
invertible sheaves onTxpTx^f and hence there is a unique / G £?(T Xa'° T xp ^) x such 
that that the left hand side is obtained by multiplying the right hand side with /. We may choose 
4> such that we have the canonical isomorphism over {e} x and hence we get f(e, ■, •) = 1 
and /(-,e, •) = 1. By Lemma [6.21 there are characters XiiX2 on T and g G 0(^) x such that 
/(ti,t 2 ,«) = Xi(*i)X2(*2) g(u) for all £i , i 2 G T(A) and u G ^(A). Since f(e,e,u) = 1, we get 
g = l. Therefore 

f(t 1 ,t 2 ,u) = Xi{h)X2(t2) = f(t 1 ,e,u)f(e,t 2 ,u) = 1. 

By density of the A-rational points, we get / = 1 and (O holds. □ 

6.4. The T-linearization on Jz? = 0(D) induces a dual action of T on the space H°(^ ,C) of 
global sections, given by the composition a of the canonical A°-linear maps 

ff°(^, Jz?) -> H°(T x K o &,a*&) -)• H°(T x KO ^,p* 2 ^) -> H°(T, T ) ® K o ff°(^,_Sf), 

where the last isomorphism comes from the Kiinneth formula (see [H|). We refer to Chapter 
1, Definition 1.2] for the definition of a dual action. This was written for vector spaces over a 
base field, but the same definition applies in case of a free A°-module. Since V := H°(<fr,Ji?) is 
a torsion free A°-module, V is indeed free (see [T21 Lemma 4.2]). A dual action means that the 
torus T acts linearly on the possibly infinite dimensional projective space ¥(V) = Proj(A"°[U]). 

The dual action a induces an action of t G T°(K) on V which we denote by s i-> t ■ s. For 
s G V = H°(&,J£), the action is geometrically given by (t ■ s)(u) = t~ 1 (s(tu))^ u G , where 
t -1 operates on the underlying line bundle using the linearization. 

Lemma 6.5. Let X\, . . . , Xk be affine coordinates of considered as rational functions on °}/ . 
Then there exists I G Z + such that for every i G {1, . . . , k}, the meromorphic section Sj := XiSm 
of 6 (ID) is in fact a global section. 

Proof. Using the theory of divisors from ^2j we get the identity 

cyc(div(x.i)) = ^2 rriijZj + V 

3 

of cycles on where Zj are the irreducible components of ^\^o an d where 'f is an effective 
cycle of codimension 1 in ^ which meets ^b- By construction (see Proposition 15 . 12 j) . we have 
cyc(D) = @ = Zj. For I := — miny{my, 0}, we get 

cyc(div(x,)) + 19 = ^2 m '3 Z j + + = J2(m l3 + t)Z 3 + f > 0. 

3 j 

Therefore the Weil divisor div(.T,) + £D is effective. By Corollary 12.121 we conclude that XiSio 
is a global section of 6 (ID). □ 

6.6. By Proposition 12.21 W is a noetherian topological space and therefore is quasicompact. 
Using Lemma [5.101 there is a finite subset S of T°(K) such that °^ = Utes^ _1 ^o- We have 
seen in Lemma 16.51 that the affine coordinates Xi, . . . , Xk of induce global sections s\, . . . , 
of 0(£D). Then the dual action from !6.4l gives global sections t-s\, . . . ,t-Sk of 6 (ID) induced by 
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affine coordinates of t We conclude that (t-Sj)tes,j=i....,k generate G(ID). By construction, 

the global section t ■ sd has support \ We get a morphism 

i/> : W ->• P£„,u h-S- (• • • : t ■ «i(«) s k (u) : i • : • • • )tes 

with i?' := 15*1 (fc + 1) — 1. Note that this map is well defined because &{tD) is generated by 
these global sections, and we have ip*(& p n> (1)) ~ GilD). 

K° 

Proposition 6.7. T/ie morphism ip is an immersion and hence Jz? is ample. 

Proof. For t E S, the support of the Cartier divisor div(i • sd) = D* is equal to °M \ Let 
yj be the coordinate of Pjfo corresponding to t • sjj with respect to the morphism ip. Then we 
get ip~ 1 {yj 7^ 0} = t^ 1 ^. Since t ■ x\, . . . ,t ■ Xk are affine coordinates on t -1 ^, we conclude 
easily that ip restricts to a closed immersion of into the open subvariety {j/j 7^ 0} of Pj^o ■ 

Since these open subvarieties form an open covering of P^o, we may use [TTJ Corollaire 4.2.4] to 
conclude that the morphism "0 is an immersion and hence 0(D) is ample. □ 

6.8. Let Vgo be the submodule of Vi := -ff (^, Jz? f ) which is generated by the global sections 
(t ■ Sj)t£S,j=i,...,k an d (t ■ s e D )t£s use d in the definition of ip in 16.61 Since 0(iD) has a T- 
linearization, we get a dual action a of T on Ye similarly as in 16.41 

A K °-submodule W of Vi is called invariant under the dual action of T if a(W) C A ®k° W 
for A := H°(T, = K°\M]. The lemma on p. 25 of [20] generalizes straightforward to our 
setting and hence there is a finitely generated submodule W of Vi which is invariant under the 
dual action of T and contains Viq. Since W is A'°-torsion free, we conclude that W is a free 
Af°-module of finite rank R+l. 

We get a morphism i : F(W) with i*(^ PW (l)) ^ <?(ID). The dual action of T on W 

induces a linear action of T on the projective space P(W). By construction, i is T-equivariant. 
Since i factorizes through -0, we deduce from Proposition 16.71 that i is an immersion. 

Recall that T = Spec(A° [M]) is the split torusof rank n. We summarize our findings: 

Proposition 6.9. Let be a non-empty open subset of the normal T-toric variety W over 
K° and let % be the smallest Y -invariant open subset of 9 containing Then there is a 

T-equivariant open immersion of into a projective T-toric variety ^a jQ given by A G M R+1 
and height function a as in Iff. 51 

Proof. Let i : & — > P(W) be the T-equivariant immersion from 16.81 Then the closure W of 
in P(W) is a projective T-toric variety over K° on which T-acts linearly. We choose a A-rational 
point y in the open dense orbit of By [T3J Proposition 9.8], there are suitable coordinates 

on F(W) and A e M R+1 such that <3S = ^ A , a for the height function a of y defined in [331 □ 

7 Proof of Sumihiro's theorem 

Note that Sumihiro's theorem is wrong for arbitrary non-normal toric varieties even over a field 
(see [3 Example 3.A.1] for a projective counterexample). However, we will show in this section 
that Sumihiro's theorem holds for open invariant subsets of projective toric varieties over K° 
with a linear torus action. This and Proposition 16.91 will imply Sumihiro's theorem for normal 
toric varieties over K°. 

In this section, (K,v) will be a valued field with value group L = v(K x ) C M. Moreover, 
T = Spcc(A"° [M]) is a split torus over the valuation ring K° of rank n and we consider a 
projective T-toric variety over K° with a linear T-action. By [12j Proposition 9.8] the latter is a 
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toric subvaricty &A,a of P^o as in 13.51 for A G M R+1 , height function a and suitable projective 
coordinates Xo, ■ ■ ■ , xr. 

7.1. We fix a point z G %. a and a closed T- invariant subset Y of &A,a with z ^ F. Since Y is 
a closed subset of the ambient projective space P^-o, there is a k € Z + and so G ii (P^- o , &{k)) 
such that so|y = and so(-z) 7^ 0. 

Obviously, U := ii°(P ^o, ^(fc)) is a free if°-modulc of finite rank. The linear T-action on 
P§o induces a linear representation of T on V, i.e. a homomorphism S : T — > GL(V) of group 
schemes over if°. We say that s G is semi-invariant if there is u G M such that iSt(s) = x"(^) s 
for every t 6 T and for the character \ u of T associated to u. In the following, the If °-submodule 

W := {s G £T°(P|o , 0(h)) I 3A G A"°\{0} s. t. Xs\ Y = 0} 

of V will be of interest. Note that W is equal to the set of global sections s of ff(k) which vanish 
on the generic fiber Y v . Since Y is T-invariant, it is clear that W is invariant under the T-action. 

Lemma 7.2. W is a free K° -module of finite rank which has a semi-invariant basis. 

Proof. A valuation ring is a Prufer domain. Since W is a saturated if °-submodule of the free 
module V of finite rank, we conclude that W is free of finite rank r (see [4[ ch. VI, §4, Exercise 
16]). The multiplicative torus T = Tk is split over if and hence the vector space Wk has a 
simultaneous eigenbasis wi, . . . ,w r for the T-action (see [H Proposition III. 8. 2]). For j = 1, . . . , r, 
we have St(wj) = X Uj (t)( w j) f° r an t G T{K) and some Uj G M. Let be the corresponding 
eigenspace. Then W Uj := E u . D V is a saturated if °-submodule of W. The same argument 
as above shows that W u is a free A'°-module of finite rank. We may choose the simultaneous 
eigenbasis Wi , . . . , w r above in such a way that a suitable subset is a if °-basis of W Uj for every 
j = 1, . . . , r. Note that every is semi- invariant. 

For t in the subgroup J7 := T(K °) = T°(if ) of T(if), we have S t G Gi(V, if °) and hence the 
eigenvalues x Vi (t) have valuation 0. Using reduction modulo the maximal ideal if 00 of if , the 
[/-action becomes a T^-operation on W := W ®k° K. We note that the reduction of a if°-basis 

in W Uj is linearly independent in W . Using that eigenvectors for distinguished eigenvalues are 
linearly independent, we conclude that the reduction of w\, . . . , w r is a a simultaneous eigenbasis 
for the T^-action on W. By Nakayama's Lemma, it follows that Wx, . . . ,w r is a if°-basis for 
W. □ 

We can now prove the following quasi-projective version of Sumihiro's theorem. 

Proposition 7.3. Let ^ be a T-invariant open subset of &A,a- Then every point of has a 
T-invariant open affine neighbourhood in . 

Proof. Let and let Y := ( ¥\ a i/ . Since Y is T-invariant, we are in the setting of l7.1l and we 

will use the notation from there. In particular, we have so G ii (P^ o , &{k)) such that sq\y = 
and sq(z) 7^ 0. Using Lemma [731 we conclude that there is a semi- invariant si G H°(W>%o,0(k)) 
with si(z) ^ and Asjjy = for some A G K° \ {0}. 

To construct the affine invariant neighborhood of 2, we assume first that z is contained in the 
generic fibre of over if°. Then ^1 := {x G &A,a \ Xsi(x) ^ 0} is an affine open subset of % 
that contains z. Since s\ is semi-invariant, it follows that ^1 is T-invariant proving the claim. 

Now we suppose that z is contained in the special fibre Let £ be a generic point of an 
irreducible component Z of Y s . Since Y is T-invariant, ( is the generic point of an orbit whose 
closure Z docs not contain z. Using the orbit-face correspondence from Proposition 13.61 there 
is a projective coordinate Xuq such that xuq(Z) = but x^q(z) ^ 0. By definition of %., a , 
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we may view as a semi-invariant global section of &(\) on Pj|o. Letting C, varying over 
the generic points of the irreducible components of Y s , we get a semi- invariant global section 
s := Si ■ Y[( Sj(C) °f a suitable tensor power of GiV) on P^ with s(z) ^ and s\y = 0. Then 
:= {cc G %, a | s( x ) 7^ 0} is a T-invariant affine open neighbourhood of z in □ 

Proof of Theorem^ We are now ready to prove Sumihiro's theorem for a normal T-toric variety 
over Every point z € & has an affine open neighbourhood Let °^ be the smallest 
T-invariant open subset of W containing ■ By Proposition 16.91 there is an equivariant open 
immersion i : % — > ^A.a for suitable A S M R+1 and height function a. By Proposition 17.31 
there is a T-invariant open neighbourhood of z in i(f&). We conclude that is an 

affine T-invariant open neighbourhood of z in proving Sumihiro's theorem. □ 

Finally in order to complete the picture which gives rise to the interplay between toric geom- 
etry and convex geometry, we prove Theorem [3] which give us a bijective correspondence between 
normal T-toric varieties and T- admissible fans. 

Proof of Theorem [3J We assume first that v is not a discrete valuation. For simplicity, we fix 
torus coordinates on the split torus T of rank n. Let & be a normal T-toric variety. By Theorem 
[3J & has an open covering {"/^ }i e / by affine T-varieties 1^. By Theorem [TJ we have ^ = % 4 
for a T-admissible cone er,; in 1" x R + for which the vertices of o~i (~l (K n x {1}) are contained 
in r™ x {1}. Since ^ is separated, := %n'fj is affine for every i, j g /. We conclude that 
Vi n fj is an affine normal T-toric variety and hence Theorem [JJ again shows %j = "V ai . for a 
T-admissible cone cr^ in R™ x R + . Applying the orbit-face correspondence from [HJ Proposition 
8.8] to the open immersions ~%j — > % and "f^j — > "fj, it follows that ay is a closed face of er^ 
and <jj. Moreover, the same argument shows that <7y = cr; n o~j and hence the closed faces of all 
Gi form a T-admissiblc fan E in R™ x R + with $s = & '. From Theorem [TJ we get now easily 
the desired bijection. If v is a discrete valuation, then the same argument works if we omit the 
additional condition on the vertices of the cones. □ 
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